The vacuum oscillation (VO) solution to the solar anomaly requires an extremely small neutrino mass splitting, ∆m 2 sol < ∼ 10 −10 eV 2 . We study under which circumstances this small splitting (whatever its origin) is or is not spoiled by radiative corrections. The results depend dramatically on the type of neutrino spectrum.
stances this small splitting (whatever its origin) is or is not spoiled by radiative corrections. The results depend dramatically on the type of neutrino spectrum. If m 2 1 ∼ m 2 2 > ∼ m 2 3 , radiative corrections always induce too large mass splittings. Moreover, if m 1 and m 2 have equal signs, the solar mixing angle is driven by the renormalization group evolution to very small values, incompatible with the VO scenario (however, the results could be consistent with the small-angle MSW scenario). If m 1 and m 2 have opposite signs, the results are analogous, except for some small (though interesting) windows in which the VO solution may be natural with moderate fine-tuning. Finally, for a hierarchical spectrum of neutrinos, m 2 1 ≪ m 2 2 ≪ m 2 3 , radiative corrections are not dangerous, and therefore this scenario is the only plausible one for the VO solution.
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Introduction
There are three main explanations of the solar neutrino flux deficits, requiring oscillations of electron neutrinos into other species. Namely, the small and large angle MSW solutions, and the vacuum oscillation (VO) solution. In this paper we focus on the latter, which requires the relevant mass splitting and mixing angle in the range [1] 5 × 10 −11 eV 2 < ∆m 2 sol < 1.1 × 10 −10 eV 2 , sin 2 2θ sol > 0.67 .
On the other hand, Superkamiokande observations [2] of atmospheric neutrinos require neutrino oscillations (more precisely ν µ −ν τ oscillations if we do not consider oscillations into sterile species) driven by a mass splitting and a mixing angle in the range [1] 5 × 10 −4 eV 2 < ∆m 2 atm < 10 −2 eV 2 ,
Let us remark the enormous hierarchy of mass splittings 2 between the different species of neutrinos, ∆m
atm , which is apparent from eqs.(1, 2). It has been argued that the extreme tinyness of ∆m 2 sol in this scenario could be related to some continuous or discrete symmetry at high energy [4] . However, independently of the origin of the small splittings, it must be required that their size is not spoiled by radiative corrections, the dominant part of which can be accounted by integrating the renormalization group equations (RGEs) between the scale at which the effective mass matrix is generated and low energy. The aim of this paper is to analyze under which circumstances this is in fact the case. As a result, we obtain important theoretical restrictions on the VO scenario.
Let us introduce now some notation. We define the effective mass term for the three light (left-handed) neutrinos in the flavour basis, ν T = (ν e , ν µ , ν τ ), as
The mass matrix, M ν , is diagonalized in the usual way, i.e. M ν = V * D V † , where . Moreover, in the MSSM the Y e couplings are 1/ cos β larger than the SM ones. All this implies that the effect of the RGEs in the supersymmetric case is 2/ cos 2 β = 2(1 + tan 2 β) times larger (for tan β = 2 this already represents one order of magnitude). It should be mentioned that in the supersymmetric case there are two stages of running: from Λ to M SU SY with the MSSM RGEs, and from M SU SY to M Z with the SM ones (the latter is normally much less important than the former).
In order to study the quantitative effect of the RGEs on the mass splittings and mixing angles, it is convenient to consider separately the following three possible scenarios [7] A : |m 3 | ≫ |m 1,2 |,
C :
In case A, radiative corrections are generically not dangerous. The reason is that, as stated before, the mass eigenvalues renormalize proportionally to themselves, i.e. shown to be inconsistent with the VO solution in refs. [8, 9, 10] . Namely the mass splittings ∆m 2 ij generated through the running are several orders of magnitude larger than the required VO splitting, even for Λ very close to M Z . According to the previous discussion, the supersymmetric case works even worse. The only way-out would be an extremely artificial fine-tuning between the initial values of the mass splittings (and mixing angles) and the effect of the RG running, something clearly unacceptable.
Finally, the impact of the radiative corrections on a spectrum of the type C has not been considered yet in the literature. Since in this case the large ∆m and can be included using standard RG techniques, that is, running M ν down from Λ to M Z using the relevant RGEs. The latter depends on what is the effective theory below Λ. As we said, we consider two cases: SM and MSSM, and the RGEs relevant for these two effective theories can be found e.g. in ref. [6] .
The analytical integration of the RGEs is straightforward in the leading-log approximation and the additional simplification that m 3 ∼ 0 at all scales permits us to concentrate on the two other masses alone. The results are qualitatively different depending on the relative sign between m 1 and m 2 and we consider the two cases separately in the next subsections.
m 1 ≃ m 2
After integration from Λ to M Z , the radiatively corrected M ν (M Z ) has eigenvalues which in first approximation are given by
These expressions include the leading-log radiative corrections to the mass differences and are obtained under the approximation that the initial 1-2 mass splitting is zero. In eq. (8), the family-universal renormalization effect (not important for our discussion) has been absorbed in m ν , which is fixed to give the proper value for ∆m The parameter ǫ τ depends on what is the effective low-energy theory below Λ [9, 10] :
where M SU SY sets the mass scale for the supersymmetric spectrum (we take M SU SY ∼ 1 TeV). As usual, the size of ǫ τ grows logarithmically with the scale of new physics Λ (a conservative estimate we often make is to choose a low value Λ = 1 TeV). Also, for sufficiently large Λ/M Z , the size of ǫ τ is enhanced by a factor 2/ cos 2 β = 2(1+tan 2 β) in the MSSM with respect to the SM (already a factor 10 for tan β = 2) so that radiative corrections are more important in this case.
The typical size of ǫ τ is ∼ 8 × 10 
too large compared with the observed value unless there is a cancellation in (1 − c turns out to be too large for vacuum oscillations of solar neutrinos.
The precise results are given in Figure 1 , which shows the predicted ∆m is always much larger than the allowed range. In the MSSM (or for larger Λ) the situation is even worse because in both cases ∆m 2 12 increases significantly in the way discussed above. Let us turn in more detail to the mixing angles in this scenario. At the scale Λ one has some mixing angles θ i which will be different in general at the scale M Z after radiative corrections to M ν have been included. At the same level of approximation as in Eqs. (8) , the eigenvectors of the perturbed neutrino mass matrix are of the form
where V i are the eigenvectors corresponding to M ν (Λ)
From this, we deduce that the relationships between θ i (M Z ) and θ i (Λ) are
where r ≡ α 2 /β 2 . In leading-log approximation we have
with all angles evaluated at the scale Λ.
If we substitute this in (14) we find the simpler expression
For the bimaximal mixing case (s 2 ∼ 0, c 1 ∼ s 1 ∼ 1/ √ 2) we end up with sin 2 2θ 3 (M Z ) ∼ 0, which is not acceptable (observations require sin 2 2θ 3 ≥ 0.67).
In conclusion, the scenario m 1 ∼ m 2 ≫ m 3 is very contrived from the theoretical point of view. It is not natural to expect in this framework the values of mass splittings and mixing angles which are suggested by experiment. As mentioned in the Introduction, the only way-out would be an extremely artificial fine-tuning between the initial values of the mass splittings (and mixing angles) and the effect of the RG running. If one insists on this possibility, starting for example with ∆m
3 GeV (a conservative choice for the fine-tuning problem), one is forced to take the initial mass splitting and mixing angle within the narrow ranges 
m 1 ≃ −m 2
In this case, the neutrino mass eigenvalues at M Z are, in leading-log approximation
with ǫ τ as given by Eqs. (9) and (10) . The mixing angles are, in first approximation, equal at M Z and Λ. We fix again m ν ∼ ∆m 2 atm . In order not to spoil the size of the required solar mass splitting, the radiative corrections should generate ∆m 
Getting a sufficiently small number for this quantity requires some (in general delicate) correlation between the mixing angles, in such a way that
It is remarkable that the bimaximal values of the mixing angles (sin 2 2θ 1 ∼ sin 2 2θ 3 ∼ 1 and sin 2 2θ 2 ∼ 0) do satisfy (19). The situation is worse in the MSSM case. Roughly speaking, for tan β = 3 radiative corrections are 20 times larger than in the SM (with the same Λ). The cancellation between mixing angles in (19) is thus much more delicate in the supersymmetric case, as expected.
Conclusions
The vacuum oscillation (VO) solution to the solar neutrino problem requires an extremely small mass splitting, ∆m 2 sol < ∼ 10 −10 eV 2 . We have studied in this paper under which circumstances this smallness (whatever its origin) is or is not spoiled by radiative corrections, in particular by the running of the renormalization group equations (RGEs) between the scale at which the effective neutrino mass matrix is generated (Λ) and low energy. We consider the cases where the effective theory below Λ is the Standard Model (SM) or the Minimal Supersymmetric Standard Model (MSSM).
The results depend dramatically on the type of neutrino spectrum. In particular, if −4 that we have used is increased according to the most recent data analyses [11] .
In conclusion, apart from the mentioned small windows, a completely hierarchical spectrum of neutrinos (i.e. as the spectrum of quarks and charged leptons), m 
